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Abstract

This paper explores the analogy between the dynamic flow of fluids and the movement of
resources in an economy. Using concepts inspired by mathematical models of generalized
Oldroyd-B fluids, the study attempts to develop a conceptual framework that connects the
stability of fluid motion with economic equilibrium. The paper extends this perspective
through Keynesian theory, focusing on income, consumption, savings, and investment as
interrelated flows that determine macroeconomic balance. The goal is to show that both
systems: physical and economic, seek stability through internal adjustments and external
pressures. The interdisciplinary comparison contributes to a better understanding of
economic equilibrium and highlights the value of mathematical thinking in the
interpretation of economic processes.

Keywords: Oldroyd-B fluid, parallel plates, the Keynesian framework, economic
system.
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1. Introduction

The study of equilibrium is central to both physics and economics. In physics, fluid models
describe how forces and pressures interact to create balance and motion. In economics,
equilibrium represents the stable relationship between production, income, and expenditure.
Although these fields appear distant, their underlying mechanisms share a common
principle: the continuous adjustment of flows.

The Oldroyd-B model, used in fluid mechanics, examines how materials with both viscous
and elastic properties react to pressure and deformation. Similarly, in economics, the flow
of income and capital reacts to fiscal and monetary pressures. When the system faces
disturbances, such as inflation, unemployment, or external shocks, it tends to establish
equilibrium through adjustments in spending, savings, and investment.

This paper proposes a conceptual bridge between these two domains. By interpreting the
flow of economic variables through mathematical logic inspired by fluid dynamics, we can
better visualize how stability is formed and maintained in an economy. The Keynesian
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model provides the theoretical foundation for this analogy, as it describes how total output,
consumption, and investment interact dynamically to determine national income.

2. Mathematical and Conceptual Background

In the Oldroyd-B model, fluid flow depends on several parameters that represent viscosity,
elasticity, and external forces. The system is considered stable when small changes in
pressure or boundary conditions do not cause large variations in flow. In simple terms, the
model explains how a fluid responds to stress while maintaining an overall balance.

If we translate this concept to economics, we can interpret “viscosity” as the resistance of
the economy to change factors such as institutional rigidity, regulation, or labor market
constraints. “Elasticity” reflects the adaptability of markets and agents: how quickly
consumption or investment responds to shifts in income or expectations.

A balanced flow in fluid mechanics corresponds to a stable macroeconomic environment.
Just as a fluid seeks a steady state movement between two parallel plates, an economy seeks
a level of output and income where total demand equals total supply. Both systems are
defined by feedback processes that drive them toward equilibrium.

The flows between parallel plates for different non-newtonian fluids are studied by many
authors. In [11]-[20] studied the unsteady unidirectional flow of an Oldroyd-B fluid.
Hayat et al. [1] obtained exact analytical solutions for unsteady flow between parallel plates
of'an Oldroyd-B fluid. They showed the existence of solution for each of the six problems
considered :1) unsteady Couette flow, 2) unsteady flow for arigid and free boundaries,
3) flow between parallel plates suddenly set in motion with same speed, 4) unsteady
Poiseuille flow, 5) unsteady generalized Couette flow and 6) unsteady generalized Couette
flow for rigid and free boundaries. They showed the existence of solution for each problem
considered for all values of non-Newtonian parameters. They also represented velocity
profile for small and large times.

Two types of unsteady unidirectional flows of a generalized Oldroyd-B fluid with
fractional derivative are presented in [11]. The velocity distrubutions are determinated
by discrete Laplace transform and finite Fouriei sine transform.

In [12]-[13] Is studied the steady unidirectional flow of an Oldroyd 6-constant fluid. In
[12] is studied Oldroyd 6-constant fluid, flowing through a channel under the as
sumption that the fluid slips on the wall. The analitic solutions for Couette, Poiseuille
and generalized Couette flows are found using homotopy analysis method (HAM).

The same method is used in [13], to study the steady flow of Oldroyd 6-constant fluid.
To find analytical solutions is used a technique based on homotopy (HAM), is
successfully applied to several non-linear problems.

Flow between two parallel plates for a special model of a generalized fluid of
complexity two, which includes the Navier-Stokes fluid, power-law fluid, classical
second grade-fluid is analyzed in [14]. Here the assumption is that the flow meets
Navier slip conditions at the boundary.

For second grade fluids are studied various types of unsteady flows between parallel plates.
In [15] are considered the unidirectional flows of a fluid of second grade. These flows
are produced by sudden application of a constant pressure gradient or by the impulsive
motion of one or two boundaries. The other property of unsteady flows described in
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[15] is that the no-slip boundary condition is sufficient for unsteady flows, but for steady
flows an additional condition is required.

In [16] are investigated two types of unsteady flow of a second-grade fluid: flow in a duct
and flow in a rectangular cross-section. The effects of the side walls on the unsteady
flow of such fluid in a duct of rectangular cross-section are considered.

Asghar et al. in [17] considered two problems of unidirectional flow involving second
grade fluid with variable material properties. They showed that some exact analytical
solutions are possible for unsteady Couette flows of second grade fluid in terms of
trigonometric and Chebyshev functions.

In [18] is studied the unsteady motion of inhomogeneous incompressible fluid, where the
viscosity varies spatially. Two types of flow are analyzed in this paper, namely: Stokes’
second problem and the flow between two parallel plates where one is oscillating.

In this paper the problem of the flow of a generalized Oldroyd -B fluid is studied
between two parallel plates. We are interested in knowing if von Karman type solutions
are admissible for this fluid. We solve the problem using a power series technique and
obtain the velocity field as well as the components for the Cauchy tensor.

1.The flow problem.

The Cauchy stress tensor is given:

DTy _
Dt

DA,

n(Ay + )‘Iﬁ]z (L1)

T=—pl+Tp, Tt

where Tz is the extra-stress tensor (effective stress - tensor), -pl denotes the inde- terminate
spherical stress, A; = L + L7 is the first Rivlin - Ericksen tensor, L is the velocity
gradient, A and 4, are the relaxation times, u is the dynamic viscosity. The convective
derivative of Tg and A are expressed through:

DTg .- -
Di =Trp+ TegL + L Tg,

_ - (1.2)
Dﬁtl — A, + A\L+L7TA,.

The fluid flows between two parallel plates. The upper plate is supposed to be porous,
and the fluid passes through with constant vertical velocity, meaning:

vV (X, ) y=a = —Voe2

The other one moves with speed:

v (x, ) [y-0 = cxel
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where” d” is the distance between the two plates, e; and e, are the unit vector in the
horizontal and respective vertical directions and” ¢” is a given constant.

L

¥

Lob b b badfy dbdd by

- 0 — =

Figure 1: Geometric representation of the flow domain®.

We are interested in the following problem: does a generalized Oldroyd -B fluid accept a
von Karman solution for the flow problem described above? We shall suppose, like in
[11], that the admissible velocity field is of von Karman type

u= Cﬁf’(ﬂ)? v= —Cdf(ﬂ): (13}

where y =dy.
This flow field satisfies the constraint of incompressibility: divv = 0.
From the form of velocity field proposed results the acceleration

a=dcT(f* — ff")er +df fle,, (1.4)

where x = x/d. The local form of the balance of linear momentum:
pa=pb+divT.
We assume that the specific body force b = 0. Since the velocity field is independent of z,

the stress field will also be independent of z. We can now write the equations of motion
in the form

4 Author's own contribution
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1ot or® 1ot or®

ﬂCQEd(frz—ff”) _|_p(32dffe;g (df + d ) —(?-FW)EQ-I-
1(dT'3 dTB)
A
(L5)
The dimensionless form of the equation (1.5)
H dT“ dTlQ dTlZ dTrQQ
Rcf(f — ffe1+ Reffle; = (dif +— n ]el+( + dﬂ)92+
g3 g7
+( P + o Jes.

-

i
where Re = = is the Reynolds number and T = E are the dimensionless

components of the Cauchy stress tensor.

Considering the expression (1.1);, we obtain the following system for the equations of
motion

éﬂqﬂll Hf}s‘lz I'S'ﬁ
Re 2 _ i — e
Re ff dT -HI‘J @fgm C'p .
T L‘J‘.f; o’ (L6)
BTEB X aTE% »
0z an
where p= ﬂ
lic

The constitutive equation (1.1) using (1.2) is equivalent to the following system
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T deP

2f ' — 2eM(ff" —2f?) = Ae ldf +2f’ﬂ-“] + T,

0" BT .

g‘fﬂ_'_c/\lg{gfﬁfﬂ_ffm} = Ae ldf g ”TH“] +TE“,

T dTp dTp = 13 = 13
A "Ts T " =0
C[df -f n + [Tk ]+ E ;

IT.2 5T 2 ) B
COf 0N (ff 2 = e | fTE | 9T f”T —f T | + T
d° oz on

T dTP dT B " 1 23 723

Ac f — [+ f Tp' — f'Te™ | + TF =0,
an

_33 ,HT;;B aiﬁk‘m 5 33

Ae Ef 9% —fW + T =0.

(1.7)

The dimensionless boundary conditions obtained from the mechanical problem described

FO)=0, f1)=22 FO) =1, f(1)=0. s

2. The Solution for the equations of motion.

We are looking for a solution to the problem (1.6) -(1.7) -(1.8).
For the components of the effective stress, we make the folowing assumptions

_ . _ T — s _ T
Ty =To%(n) + ET.""(’-'?L & =Ty'(n)+ ET?*(H)T

733 _ il +ET33 U _pn —|—ET“ ‘
? o (1) g (m); ) o (M) ! (n), 2.1)

— — — — — 2 —
1§ = T2(n) + S1%m), T8 = I8(m) + S T8().

First, we analyze the system consisting of equations (1.7)3 56 and (1.6)s.
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(E)H(n —0,1,2),

If we use the assumptions (2.1);,23 and identify the coefficients of
we obtain the following system

_ 7713 _ _ 713 _ _
ey - fBE 4 18|+ 18 -0, e [—f—f; 1|+ 1 =0

_3

C)\f”T” 0 )\C[ f£+f"TH:| _I_Tr23

33

_)e [fﬂ +_f’T23] + T2 =0, X [f’Tf3 fdj\ ] + T3 =0,
Ui

dIg® 733 L dIg® 13
Y f—+T =0, =0 - LT 0.
(2:2)
.'l—r]_‘{ _ U . , . .
From (2.2)result ~1 ' ,because the equation /= 0 has no solutions if we

consider the bilocal problem obtained from the described mechanical problem:

A0)=0, /(1) ="27 (0)=1,£(1)=0. Also obtain that T 23 =0,

The components of the effective stress are now expressed as

T B=7B0, 72 =130, 73 = 150) + T 5 ).
_ _ _ _ _ e T _
TE =T, TF ==T00m), T8 =15 () + 5170, (23)
The system (2.2) is now
[ dT[J” 113 713 npld | 23
de |—f—+ FTP | + T30 =0, def T+ 17 =
! Ul
_ _ r 24)
_ dT33 _ dT23 (
1733 Ui 33 _ yapto | s et
Ac _le _f dﬂ]w 0, )\cf I =0, =0

Without loss of generality, we can suppose that T B 723733 -0 for n=1.
Using these assumptions, we obtain that

TIJH{"]_:: 7?) = T%E(fa "'?) = T‘?(iv '-'}‘]' =0
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Now we use the expressions (2.1)456 in (1.7)124 and we identify the coefficients of
aT T
(E) E {n=D,1.2)

equations

Thus we obtain the following system for the constitutive

_ army
A [3cf’T1“ —cf—l] +T =0,

dn
' 2 " 2y _ @ i1l 711 HApll
2epf =2 pM(ff" = 2f7) = A | —cf i +2f Ty | +Ty, eAfTy =0,

" it " i dTI? e T
ouf"+ MBS~ 1) = A [cf T —of g+ To“] +17

7112 22
—)icfddi +T52 =0, 22X f"™ =) [—Cfddﬁ + QCf”TIIZ] + 13,
Ui T

a2 ]
AT =0, —duf + N[ +217) = A |ef G~ T+ 1

(25)

From (2.5); and (2.5)7 result 711 —0and 7 12 = 0. We notice that equations
(2.5)1 and (2.5)s are satisfayed. The components of the effective stress are now
expressed as

— — — 2 —
1), T =130+ 51700

I

Ty =To'tn), Ty’ =7

(2

The system (2.5) becomes now

Pag. 477 /591
Article’s total number of pages: 19



Journal of Information Systems & Operations Management, Vol. 20.1, May 2026

[ d,f,ll B ~
er—QC)\[(ff”—QfQ):/\C —f do +2frj'—‘|]“ +%“,
" I i 11/ i pr 12 dTllz e 11 = 12
FrHeM@Bf " = ") =Ae | [T —fd—n-l-fTo + 177,
. (2.7)
2eMif"” = Ae [—f —— +2f T + T,

dT022

—2f" 42N (ff +2fH) = |- f o —Qf’T022]+T022.

We eliminate the pressure in the system (1.6), and we use (2.6), thus obtaining the
following equation

PTR  dTP

Rﬂ(fff" - ffm} = dng - dn . (28}

The problem that we must solve now is (2.7) -(2.8). The unknown functions are:
f:, T.—] 12-’ TQQQ, T022._, TOI 1 i

The boundary conditions for fare (1.8) and for the components of the effective

stress is

T,'%(1) = 2(1 - 379).

— 22 =11 — 29 (2.9)
To7 (1) =10 (1) =12"7"(1) =0.

We seek the solutions of the system by a double scale asymptotic development. The two
parameters that appear in this development are f << 1 and re << 1. We first develop
asymptotic compared with £ the unknown functions from the system (2.7) — (2.8)

=Yt T =Y AT, (2.10)
where
L=0(cA) = O(ch) << 1.
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The system for zero-order approximations in £ is

2fo = Ty

ET = T[][?j}:
T30 =0,
Re(fofo — fofg') = {T1l(2c|):’"-
The conditions for approximations fo, fi(i = 1, n) are
U ! !
PO =0, fo(t)==, f0)=1, fi1)=0
(2.12)

£i0) = fi(1) = £(0) = £;(1) = 0.

We derive twice in (2.11), and introduced in (2.11)s we get the differential equation of
order iv for 10

gv - Rc{fi;fg - fD [JJw)' {213}

If we make the following developments
fo = fm + Rﬂfﬂ] + ey

—i — i —ij 2.14
Tk"zn = T;:fm} + RCTEEH) + s ( )

Thus, we obtain a seguence of linear problems whose solutions are polynomials in #
€0, 1].
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o0 =0,
= foofoo — foo oo,
2.15
i ol il — fooftl — fou Sl (215)
Thus, for the first two approximations of fo (in Re) we obtain
foo(n) = An* + B +1),
pri) B AR B B
() =50 +5p 7+ g7 7t
A 24B B B, 24° AB B* B, (2.16)
TR e R PL AR T T A T T A
With
Un o
A=1-200 B=3,4-% (2.17)

For the approximations we obtain (using (2.16);) the following formula
Tu](loo} = 2(3An% +2Bn + 1),
Tl'(gm} = 6An+ 205,

= 2.18
Tgﬁm} = —2(3An* + 2By + 1), ( )

and for Y we have (using (2.16),)
k(1)
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A2 . AB. B, B A> 2AB B> B
Tl 2 - i 5 - 4 - 3 2
o(o1) = {107?+ +67’I +3n
+2(2A2+AB+BQ+B)
3% 10 11

19 3A2 2B? A2 QAB B> B
T o1y = 3

2(2_*42 AB B’ B,
TR TR T D
) oy Az, B, B. A 24B B> B,
T[}(cu):_2 10

+2(Q_AQ+£+B_2+£)
3% 10 15 12"

T2, =0.

(2.19)

For the first-order approximations in beta: f; and 7 Ywe can show that

fi = fio+ Refin =0,

TI:"EI} = T.i:fm} + RET!Z?H =

Consequently, from double scale asymptotic development of the unknown function f

f= qu fhe = m e”+ﬁZf1 Rt = (o Bfult e

1j=0

we make the following approximation

= foo + Refor. (2.20)

Similarly for the dimensionless components of the effective stress we consider
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II2

0 _nl({m} + RET 0(01)
T2 = T' )+ RET”D”,
) (2.21)
T3 = T22 o0) + ReT%

o(o1)

Conclusions. We evaluate the interaction between the fluid and the two plates, that is
Tn -n and Tn - 7. If we use (2.6)3

2
Ty = T3(n) + 13°(n),

=22 .,
and if we are considering that we find that’2 =0 find  that
_ — 22
Tn-n=—p+570)
Using (2.6)3, (2.18)3 and (2.19); we obtain
Tn-n = —p+Togg + Relygy = —p — 2{3An" + 2Bn+1
A? AB B? B A2 2AB B* B
R 22 Sy 2202 By
R BT U LI (v i T Rl 2L 2.2)

+2(

QA?_I_AB_I_BQJrB)
3 10 15 12"
where A and B are given by (2.17). A simple calculus gives the force on the two
plates. That is for normal forces

Tn-n |,—o= —p— 2,

Tn-n|,_1=—p—2(3A+2B +1). (2.23)

. . .V0 1
It is easy to see that if — =

cd 2
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(Tn-n |p—0 +P) = —2,
(T -n |,y +pP) =
Using (2.6) and (2.21) we have
= _ = 11 = 11
TV +p=Teg =To ()= Ty + ReTyy,

_ B _ T _ T
T2 4p=Tp = ETl l?{?}‘) = E{Tf{%u} T R"—”Tl{m ).

Thus, we obtain the dimensionless components of the effective stress

_ A
T,f;l=2(3An2+2}3n+1)—|—2Rc{10n +— r} + 2 g '-']' + Si'?-l-

+

-3 A* 24B B? B)2+2(2A?+AB+B? B)
14 15 106" 35 10 15 12

, (2.24)
Ti2 — %{GA:}+28—|—RC [ﬁn + ABr* + 2}; ® + B+
g X 2AB B B 24 AB B B
L O i T T R O A O o T R TR T

3. The Keynesian Framework

Keynesian economics is built upon the idea that total income in an economy (Y) equals the

sum of consumption (C), investment (I), government spending (G), and net exports (NX):
=C+I+G+NX.

Each of these components represents a flow of resources. Income flows from firms to

households; consumption flows from households back to firms; savings become the source

of future investments; and government and trade activities act as external currents

influencing the balance.

According to Keynes, equilibrium occurs when aggregate demand equals aggregate supply.

However, the process is dynamic rather than static. If consumption increases faster than

production, inflationary pressures emerge. If investment declines, unemployment may rise.

The system continuously adjusts much like a fluid adjusting to new pressure gradients.

In this sense, we can view the Keynesian multiplier as an “elastic coefficient” that measures

how changes in spending propagate through the economy. A high multiplier means that

small changes in investment can produce large variations in total income, like how a low-

viscosity fluid responds strongly to small forces.

The stability of equilibrium depends on the relationship between these flows. Excessive

rigidity in consumption or savings behavior can slow recovery, while high adaptability
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enhances resilience. Therefore, the economic system: like a physical one, requires a balance
between flexibility and structure.

Keynesian economics emphasizes that equilibrium in an economy is not a static condition
but a continuous process of adjustment. When total spending (aggregate demand) equals
total output (aggregate supply), the economy operates at its potential level. However, in real
life, disturbances such as changes in consumer confidence, government policy, or global
trade can shift these flows and move the system away from equilibrium.

Keynes identified consumption (C) and investment (I) as the two primary forces
determining total income (Y). Consumption depends largely on disposable income and
psychological factors influencing people’s willingness to spend. Investment, on the other
hand, depends on interest rates and the expected return on capital. When interest rates fall,
investments tend to rise, stimulating production and income.

Savings (S) play a crucial role in this process. While savings provide the funds needed for
investment, excessive savings can reduce demand, leading to stagnation, a concept Keynes
referred to as the paradox of thrift. Maintaining equilibrium thus requires a balance between
saving and spending, which can be influenced by fiscal policy (taxation and government
expenditure) and monetary policy (control of money supply and interest rates).

This framework mirrors physical systems where the flow of forces and responses
determines balance. Just as fluid pressure can be adjusted to restore stability, fiscal and
monetary instruments can be used to correct economic imbalances. The objective of
economic policy is therefore like the stabilization of a dynamic system: to reduce
oscillations and guide the economy toward steady growth.

4. Integrating the Two Models

The analogy between fluid dynamics and economic equilibrium is not purely metaphorical.
Both systems can be modeled through equations describing rates of change and feedback
mechanisms. In the Oldroyd-B context, stress and strain rates define how energy is
distributed within the system. In economics, similar interactions occur between production,
income, and expenditure.

For example, when investment levels change, they create “pressure differentials” in income
distribution and demand. These differentials trigger flows of adjustment: in wages, prices,
and resource allocation, until a new equilibrium is achieved. A resistant economy, with high
institutional viscosity, will adjust slowly, while a flexible one will stabilize faster.

By combining the structural insights of mathematics with the behavioral focus of Keynesian
theory, this framework allows us to reinterpret economic equilibrium not as a fixed point
but as a process of continuous motion. Stability emerges from constant adjustments, where
opposing forces, spending and saving, investment and consumption; balance each other
through dynamic flow.

This interdisciplinary approach highlights how economic systems can be studied using
simplified versions of physical models, improving our understanding of how shocks
propagate and how resilience can be enhanced through policy design.

5. Conclusions
The comparison between fluid flow and economic equilibrium reveals that both disciplines
share a fundamental logic: systems strive for balance through the adjustment of internal
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flows. The Oldroyd-B model offers a mathematical metaphor for the behavior of
macroeconomic variables, while Keynesian theory provides the economic meaning of those
movements.

Viewing the economy as a dynamic system of interacting flows helps policymakers and
researchers understand the importance of adaptability, coordination, and stability. Just as
viscosity and elasticity determine whether fluid remains stable or turbulent, structural and
behavioral factors determine whether an economy sustains growth or falls into crisis.

This interdisciplinary framework opens future directions for research, such as modeling
capital mobility, digital resource flows, or policy transmission mechanisms, using
mathematical reasoning inspired by the physical sciences.

This study proposed a conceptual analogy between the flow of resources in an economy
and the flow of matter in a physical system. Through this comparison, it becomes clear that
equilibrium: whether physical or economic, is not a fixed point but a state of dynamic
balance maintained through continuous adjustments.

In the Keynesian framework, equilibrium is sustained by the interdependence of income,
consumption, savings, and investment. When one of these components’ changes, others
must adapt to restore balance. Similarly, in fluid dynamics, any change in pressure or force
generates compensatory movements that stabilize the system.

Understanding economic equilibrium as a process of motion rather than rest can help
policymakers design more adaptive and flexible strategies. Instead of seeking perfect
stability, economies should aim for resilient equilibrium, the ability to absorb shocks and
return to sustainable growth without major distortions.

Moreover, the integration of mathematical reasoning, even at a conceptual level, offers a
structured way to model how policies propagate through an economy. This interdisciplinary
approach combining mathematical modeling and economic theory can support better
decision-making in areas such as fiscal sustainability, financial stability, and digital
transformation.

In conclusion, both economists and mathematicians share a common goal: to understand
how systems respond to change. By studying these flows, we learn that equilibrium is not
an absence of movement but the harmony of opposing forces.
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